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1. Introduction

The concept of slant submanifolds has been defined by B.Y. Chen [9] as
natural generallization of both holomorphic and totally real immersions. After
then many research articles have been appeared on the existence of these
submanifolds in various know spaces. A. Lotta [12] investigated properties of
slant submanifolds of an almost contact metric manifolds. L. Cabrerizo and others
[6] investigated slant submanifolds of a Sasakian manifolds. Semi-slant
submanifolds of Kaehler manifold N. Papaghich [13], as a naturel generalization
of slant submanifolds. Bi-slant submanifolds was also introduced in a almost
Hermitian manifold. Carriazo [7] defined and studied bi-slant submanifolds in an
almost Hermitian manifold and gave the notion of pseudo-slant submanifold in an
almost Hermitian manifold. V.A. Khan and others [11], defined and studied the
contact version of pseudo-slant submanifold in a Sasakian manifold. CR-
submanifold of a Kahlerian manifold is defined and studied by A. Bejancu [2]. On
the other hand, semi-invariant submanifold of a Sasakian manifold was given and
studied by A. Bejancu and N. Papaghiue [1]. These submanifolds are closely
related to CR-submanifolds in a Kahlerian manifold. However the existence of the
structure vector field implies some important changes.

2.  Preliminaries

Let M be a real (2n+1) dimensional differentiable manifold, endowed with
an almost contact metric structure (f,&,7,9) . Then we have

@ f*=-1+7®& O)nE)=1 (@ nof=0 (f()=0 (1)
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(€ n(X)=9(X,5) () g(fX, f¥)=g(X,Y)-n(X)n(Y)
for any vector field X,Y tangent to M , where | is the identity on the tangent
bundle TM , f is a tensor field of the type (1, 1), » is a 1-form, & is a vector
field and gis a Riemannian metric on M . Throughout the paper, all manifolds
and maps are differentiable of classC*.We denote by F(M) the algebra of the
differentiable functions on M and by F(E) the F(M) module of the sections of a
vector bundle E over M .
The Niyembuis tensor field, denoted by N/, with respect to the tensor field
f, is given by
N, (X,Y)=[fX, fY]+ f2[X,Y]- f[X,Y]+ f[X, Y], VX,Y e[(TM)
And the fundamental 2-form is given by
O(X,Y)=9(X, fY) )
The curvature tensor field of M, denoted by R with respect to the Levi-Civita
connection V , is defined by
RX,\VZ=V,V,Z-V,V,Z-V,Z vV X,Y eT(TM) 3)
Definition 2.1 (a) An almost contact metric manifold M (f,&,7,9) is called
normal if
N, (X,Y)+2dn(X,Y)é=0 VX,Y eI'(TM) (4)
Or equivalently (cf. [12] )
(Vo Y = (V)Y —g(V4&Y)E VXY eD(TM)
(b) The normal almost contact metric manifold M is called cosympletic if
dd=dn=0.
Let M be an almost contact metric manifold M . According to [8] we say
that M is a quasi-Sasakian manifold if and only if & is a killing vector field and

(Vi )Y =9(V&, Y)E-n(Y)V & VXY e[(TM) ()
Next we define a tensor field F of type (1, 1) by
FX =-V,& VX el(TM) (6)
Lemma 2.1 Let M be a quasi-Sasakian manifold. Then we have
@ (?J)Xzo VX eT(TM) (b) foF = Fof (7
() F&E=0 (d) g(FX,Y)+g(X,FY)=0 vV X,Y eT(TM)
(e) moF=0 (H (VF)Y =R(& X)Y Vv X,Y eT(TM)

Let M be submanifold of a quasi-Sasakian manifold M and denote by N the unit
vector field normal to M . Denote by the same symbol g the induced tensor metric

on M, by Vthe induced Levi-Civita connection on M and by TM *the normal
vector bundle to M . The Gauss and Weingarten formula are

V.Y =V, Y +h(X,Y) (8)
V,N=-AX+ViN,VX,Y eT(TM), (9)
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where A, is the shape operator with respect to the section N. It is known that

g(h(X,Y), N)=g(A X,Y) VXY e[(TM) Nel(TM') (10)
Forany X eTM, NeT'M we write

X =PX + NX (PX eTM, NX eT*M) (11)

N =tN +nN (tN eTM, nN e TM) (12)

The submanifold M is invariant if N is identically zero. On the other hand, M
is anti-invariant if T is identically zero. From (1) and (11), we have

9(X, TY)=-g(TX,Y) (13)
forany X,Y € TM . From now on, we put Q = P2 . We define

(VxQ)Y =V, QY —QV,Y (14)
(V,T)Y =V, TY =TV, Y (15)
(V,N)Y =V, NY — NV, Y (16)

forany X,Y eTM. Inview of (8), (11), and (6) it follows that
V. &=—FX a7
h(X, &)=0 (18)

3. Pseudo-slant submanifolds of quasi-Sasakian manifolds

Definition 3.1. Let M be a submanifold of a quasi-Sasakian manifold M . For
each non-zero vector X tangentto M at x, the angle &(x) [0,%], between ¢X

and TX is called the slant angle or the Wirtinger angle of M . If the slant angle is
constant for each X eI'(TM) and x e M , then the submanifold is also called the

slant submanifold. If 8 =0 the submanifold is invariant submanifold. If Q:Z

then it is called anti-invariant submanifold. If H(X)E[O,%], then it is called

proper-slant submanifold .
Now, we will give the definition of pseudo-slant submanifold which are a
generalization of the slant submanifolds.

Definition 3.2. Let M be a quasi-Sasakian manifolds and M an immersed
submanifold in M . We say that M is a pseudo-slant submanifold of quasi-

Sasakian manifolds M if there exist two orthogonal distributions Dand D* on
M such that

(@) TM admits the orthogonal direct decomposition TM =D @ D", &eT'(D)
(b) The distribution D" is anti-invarianti.e., ¢(D") cT"M,

(c) The distribution D is a slant with slant angle 6 =0, that is, the angle between
#(D) and D isa constant.
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From the definition, it is clear that if & =0, then the pseudo-slant submanifold is a
semi invariant submanifold. On the other hand, if 0:%, submanifold becomes

an anti- invariant.
We suppose that M is a pseudo-slant submanifold of quasi-Sasakian

manifolds M and we denote the dimensions of distributions Dand D* by d,
and d, , respectively, then we have the following cases:

(@) If d, =0 then M is an anti-invariant submanifold,

(b) If d, =0and =0, then M is an invariant submanifold,

(c) If d, =0and @ =0, then M is a proper slant submanifold with slant angle 4,

(d)If d,d,#0 and @ e [O,%] then M is a proper pseudo-slant submanifold.

Theorem 3.1. Let M be a submanifold of a quasi-Sasakian manifold M such that
£eTM . Then M isslant if and only if there exists a constant A [0, 1] such that

P?=—2{l -n®¢&} (19)
Furthermore, in such a case if 0 is the slant angle of M then 1 =cos®@.

Proof: Let M be a slant submanifold of a quasi-Sasakian manifold M with slant
angle 6.£ €TM . Then

o 9(PX, fX) _[PX]

cos = =cons tant (20)
[PXJIeX] 1]
for X eI'(TM). In this case, from (20) we have
cos 0 £X = [PX| (21)
If we take the square (21) we get
g(PX, PX)=g(fX, fX) cos® & (22)
Moreover,
05 0 g(PX, fX): g(fXx, PX):_ g(Xx, fPX) (23)
[PXJiex] - Pxiex] - Px[fex]
_9(X, P*X)
[PX]eX]

all vector field X . Then from (1), (20) and (23) we find
cos® O{g(X —n(X)& X }=-g(P*X, X)
In this case, we have
P?X =—cos? 0{X —n(X)&}
for any vector field X € TM That is, forall X € TM
PP=-A{l -n®¢&}, A=cos’0 (24)

Conversely, we now assume that the (19) holds. Then from (7) and (19) we obtain
o 9(PX, ) g(P*X, X) _ Ag(X-n(X)&, X) _ . #X]

[Pl IPX[leX] 28124 [PX]

Cos
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Also by using (11), we conclude that
A =cos’ 0 (25)

where 4 is constant because A is a constant, and so M is slant.
Corollary 3.1. Let M be a slant submanifold of a quasi-Sasakian manifold M
with slant angle . Then forany X,Y e I'(TM) we have

g(PX, PY)=cos* & (g(X,Y) - n(X)n(¥)) (26)

g(NX, NY)=sin® & (g(X,Y) -7(X)n(Y)) (27)
Proof: We can find with direct calculations using Theorem 3.1.
Proposition 3.1. Let M be a slant submanifold of a quasi-Sasakian manifold M .
Then VQ =0 ifand only if M is an anti-invariant submanifold of M .
Proof: We denote the slant angle of M by #. Forany X,Y e '(TM), since
Q=P? and M is a slant submanifold, we have

Q(VY) =—cos” 01V, Y = (VY )&} (28)
On the other hand, differentiating  covariant  derivative  of
QY =—cos? {Y —n(Y)&} in the direction of X and using (3) and (6), we obtain

V4 QY =—c0s 0{V, Y = Xn(Y)E—n(Y)V &}

=—c0s% 0{V,Y —n(VY)E+g(Y,FX) +n(Y)FX } (29)
On the other hand, from (14), (28) and (29) we have
(VxQ)Y =V, QY —QV,Y =—cos* 6{g(Y, FX) +n(Y)FX } (30)

which implies that VQ =0 if and only if 9:%. Thus M is an anti-invariant

submanifold.
Lemma 3.1. Let M be a pseudo-slant submanifold of a quasi-Sasakian manifold

M . Then at each point p of M, Q, has only one eigenvalue A = cos® 4.
Proof. The proof is similar to that in [3], so we omit it.
Theorem 3.2. Let M be a submanifold of a quasi-Sasakian manifold M such
that £ €TM . Then M is a slant submanifold if and only if
(a) The endomorphism Q |, has only one eigenvalue at each point of M .
(b) There exists a function 1: M — (0, 1] such that

(VxQ)Y ==A{g(Y, FX) +n(Y)FX} (31)
forany X,Y eI'(TM). Furthermore, if @ is the slant angle of M , then it satisfies
A=c0s’0.
Proof. If M is a slant submanifold of a quasi-Sasakian manifold M with slant

angle @, then Lemma 3.1 and (30) imply that the relations (a) and (b) are
satisfied.

Conversely, let A(p) be the only eigenvalue of Q|, at each point pe M .
Moreover, let Y eI'(D) be a unit vector associated with A, that is, QY =AY .
Then by virtue of (b) and differentiating the covariant derivative of QY =AY in
the direction of X. We have

V,(@QY)=V, (Q)Y +AV,Y
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V,(Q)Y +Q(V,Y) = X(A)Y +4V, Y
—00s? 0{g(Y,FX) +n(Y)FX }+Q(VY) = X ()Y + AV, Y
X(A9(Y,Y) =-g(AV,Y,Y)+g(QV,Y.Y)
=9g(VyY,AY)—-g(V4Y,QY)=0
that is, A is a constant function. In order to prove that M is a slant submanifold,
it is enough to show that there is a constant p such that Q = —y{l —77®¢f}. For
X e'(TM) we can write X =— X +7(X)&, where X =—-X +7(X)& eI(D).
So we have QX =QX and QX =AX because Q|,=Al, that is,
QX = A(=X +n(X)<) . Taking A = u, we get the desired assertion.
Theorem 3.3. Let M be a pseudo-slant submanifold of a quasi-Sasakian
manifold M . Then
A, X =AY (32)
forall X,Y eD.
Proof: In view of (10),
9(Ay X,Z) =g(h(X,2), fY) =-g(th(X, 2),Y) (33)
By virtue of (8), (33) reduces to
9(Ay X, Z) =-g(fV, X, Y)+9(fV,X,Y)
=—g(fV,X,Y) since fV,X eT*M

=9((V, )X, Y)-g(V, X, Y) (34)
Now, for X e D, fX e T*M Hence, from (9) we have
(V, )X ==A,Z+V; X (35)
Combining (34) and (35), we obtain
9(Ay X,Z) =g((V, F)X,Y)+9(AxZ,Y) (36)

Since h(X,Y) =h(Y, X), if follows from (10) that
9(AZ.Y) = g(AxY.Z)
Hence, from (36) we obtain, with the help of (5),
9(Ay X, Z)—g(AxZ,Y) = g(g(vfzf’ X)ﬁ"?(x)vfz‘f’ Y)
=n(V)9(V &, X)&-n(X)g(V&,Y) @37)
Since X,Y, Z € D an orthonormal distribution to the distribution <§> it follows

that 7(X) =n(Y) =0 Therefore, the above equation reduces to
Theorem 3.4. Let M be a pseudo-slant submanifold of a quasi-Sasakian
manifold M . Then the distribution D @ (¢) is integrable.

Proof: Since h(X,Y)=h(Y, X), in view of (8) we see that
V.Y -V, X=V,Y-V,X (38)
Let X,eD,Y, e D", then

(§x g)(Y’Z) :vx g(Y’Z)_g(va’ Z)_g(Y: §xz)
or
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0=0-9g(VyY, Z)-g(Y, V42).
Hence
g(VyY, Z)=-g(Y, V\Z). (39)
Now

9([X.S. TZ)=g(Vy & -V X, TZ)
=g(Vy&-V.X,T2)
=9(Vx&, T2)-g(V.X,T2) (40)
Since Xe D, Ye D" where D and D* are two orthogonal distributions and D
is anti-invariant, in view of (17), (39) we obtain from (40)
9([X,£1,TZ) = g(V.TZ, X) (41)
In view of (5),
(fo)Y =0 (42)
In virtue of (11) and (42), equation (41) yields
9([X.,&], TZ)=0
Hence [X, £]e D, X, e D: Therefore, the distribution D @ (&) is integrable.

Theorem 3.5. Let M be a pseudo-slant submanifold of a quasi-Sasakian
manifold M . Then forany X,Y e D® D".

9([X,Y],£)=0 (43)
Proof:
g([X.Y], &) =g(VyY, ) -9(Vy X, &) (44)
In view of (39) we have from above
9([X.Y], £) =-9(V&, Y) +9(V\ &, X) (45)
By (17), (45) yields
9([X,Y],£)=0

Theorem 3.6. Let M be a pseudo-slant submanifold of a quasi-Sasakian

manifold M . Then the anti-invariant distribution D is integrable.
Proof: Forany X,eTM, let

X =BX+RX+n(X)& (46)
where P i=1, 2 are projection maps on the distribution D, From (46) it follows
that

X =NRX +TR,X + NP, X
TX =TR,X, NX =NPX +NPR,X
Now forany X,Y eD and Z e D*

9([X,Y], T2)=9([X,Y], TRZ) =—g(f[X, Y], K,Z) (47)
Now
f[X,Y]=1fVv,Y -1V, X
= fV,Y - fV, X
=V, Y = (V, )Y =V, X +(V, f)X (48)

88



Sh. RAHMAN, N.K. AGRAWAL: ON THE GEOMETRY OF SLANT AND...

In view of (5) and (9) and keeping in mind that g(U,V)=0 for U eD and
V e D", we obtain from

g([X. YL TRZ) =-g(AxY — Ay X +1(Y)V & +(X)V &, PB,Z) (49)
For X,YeD we get n(X)=n(Y)=0. Hence Theorem 3.3 and the above
equation yield g([X,Y], TZ)=0, that is, [X,Y]e D for X,Y e D. Therefore
the distribution D is integrable.

4. Conclusion

Here our objective is to introduce pseudo-slant submanifolds of quasi
Sasakian manifolds and study the notion of slant pseudo-slant submanifolds of
quasi Sasakian manifolds. Integrability conditions of the distributions on these
submanifolds are worked out. Some interesting results regarding such manifolds
have also been deduced. The results obtained in this paper can be used in many
problems of dynamical system and critical point theory.
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